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TRANSLATION INVARIANCE OF FOCK SPACES
KEHE ZHU
ABSTRACT. We show that there is only one Hilbert space of entire func-
tions that is invariant under the action of naturally defined weighted
translations.
1. INTRODUCTION
For α > 0 and 0 < p ≤ ∞ the Fock space F pα consists of entire functions
f in Cn such that the function f(z)e−α|z|2/2 belongs to Lp(Cn, dv), where
dv is the Lebesgue volume measure on Cn . The spaces F pα are sometimes
called Bargmann or Segal-Bargmann spaces as well.
When 0 < p <∞ and f ∈ F pα , we write
‖f‖pp,α =
(α
pi
)n ∫
Cn
∣∣∣f(z)e−α2 |z|2∣∣∣p dv(z).
For f ∈ F∞α we write
‖f‖∞,α = sup
z∈Cn
|f(z)|e−
α
2
|z|2.
If we define
dλα(z) =
(α
pi
)n
e−α|z|
2
dv(z),
then F 2α is a closed subspace of L2(Cn, dλα), and hence is a Hilbert space
itself with the following inherited inner product from L2(Cn, dλα):
〈f, g〉α =
∫
Cn
f(z)g(z) dλα(z).
For any point a ∈ Cn we define a linear operator Ta as follows.
Taf(z) = e
αza−α
2
|a|2f(z − a),
where
za = z1a1 + · · ·+ znan
for z = (z1, · · · , zn) and a = (a1, · · · , an) in Cn. These operators will
be called (weighted) translation operators. A direct calculation shows that
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they are surjective isometries on all the Fock spaces F pα , 0 < p ≤ ∞. In
particular, each Ta is a unitary operator on the Fock space F 2α .
The purpose of this note is to show that F 2α is the only Hilbert space
of entire functions in Cn that is invariant under the action of the weighted
translations Ta:
〈Taf, Tag〉α = 〈f, g〉α (1)
for all f and g in F 2α . In other words, if H is any other Hilbert space of
entire functions in Cn such that (1) holds for all f and g in H , then H = F 2α
and there exists a positive constant c with 〈f, g〉H = c〈f, g〉α for all f and g
in H .
Along the way, we will also demonstrate that, in some sense, F 1α is min-
imal among translation invariant Banach spaces of entire functions in Cn,
and F∞α is maximal among translation invariant Banach spaces of entire
functions in Cn.
The uniqueness of F 2α here is not a surprise. The corresponding result for
Bergman and Besov spaces has been known for a long time. See [2, 3, 10].
In the setting of Bergman and Besov spaces, the rotation group plays a key
role. In our setting here, the translations do not include any rotations, so
a new approach is needed. We present two new approaches here: one that
is specific for the Fock space setting and another that can be used in the
Bergman space setting as well.
2. PRELIMINARIES
Since F 2α is a closed subspace of the Hilbert space L2(Cn, dλα), there
exists an orthogonal projection
Pα : L
2(Cn, dλα) → F
2
α.
It turns out that Pα is an integral operator,
Pαf(z) =
∫
Cn
f(w)eαzw dλα(w), f ∈ L
2(Cn, dλα),
where Kw(z) = K(z, w) = eαzw is the reproducing kernel of F 2α . In terms
of this reproducing kernel we can rewrite
Taf(z) = f(z − a)ka(z),
where
ka(z) = Ka(z)/‖Ka‖2,α = e
αza−α
2
|a|2
is a unit vector in F 2α and is called the normalized reproducing kernel of F 2α
at the point a ∈ Cn.
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Lemma 1. For any two points a and b in Cn we have
TaTb = e
−αiIm (ab)Ta+b = e
αiIm (ab)Ta+b. (2)
Proof. This follows from a direct calculation and we leave the routine de-
tails to the interested reader. 
Corollary 2. Each Ta is invertible on F pα with T−1a = T−a. In particular,
each Ta is a unitary operator on F 2α with T−1a = T ∗a = T−a.
Recall that the Heisenberg group is H = Cn×R with the group operation
defined by
(z, t)⊕ (w, s) = (z + w, t+ s− Im (zw)).
It follows that the weighted translations Ta, a ∈ Cn, can be thought of as
elements of the Heisenberg group. They do not form a subgroup though.
Furthermore, the mapping (z, t) 7→ eαitTz is a unitary representation of the
Heisenberg group on F 2α . Although it is nice to know this connection, we
will not need the full action of the Heisenberg group. We only need the
action of these weighted translations.
The following result, often referred to as the atomic decomposition for
Fock spaces, will play a key role in our analysis.
Theorem 3. Let 0 < p ≤ ∞. There exists a sequence {zj} in Cn with the
following property: an entire function f in Cn belongs to the Fock space F pα
if and only if it can be represented as
f(z) =
∞∑
j=1
cjkzj(z), (3)
where {cj} ∈ lp and
‖f‖p,α ∼ inf ‖{cj}‖lp. (4)
Here the infimum is taken over all sequences {cj} satisfying (3).
Proof. See [6] and [9]. 
3. TWO EXTREME CASES
In this section we show that the Fock spaces F 1α and F∞α are extremal
among translation invariant Banach spaces of entire functions in Cn. The
next two propositions were stated as Corollary 8.1 in [6], derived from
a general framework of Banach spaces invariant under the action of the
Heisenberg group. We include these results here for completeness and note
that only the weighted translations from the Heisenberg group are needed.
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Proposition 4. The Fock space F∞α is maximal in the following sense. If X
is any Banach space of entire functions in Cn satisfying
(a) ‖Taf‖X = ‖f‖X for all a ∈ Cn and f ∈ X .
(b) f 7→ f(0) is a bounded linear functional on X .
Then X ⊂ F∞α and the inclusion is continuous.
Proof. Condition (a) implies that Taf ∈ X for every f ∈ X and every
a ∈ Cn. Combining this with condition (b) we see that for every a ∈ Cn
the point evaluation f 7→ f(a) is also a bounded linear functional on X .
Furthermore,
e−
α
2
|a|2|f(a)| = |T−af(0)| ≤ C‖T−af‖X = C‖f‖X ,
where C is a positive constant that is independent of a ∈ Cn and f ∈ X .
Since a is arbitrary, we conclude that f ∈ F∞α with ‖f‖∞,α ≤ C‖f‖X for
all f ∈ X . 
Proposition 5. The Fock space F 1α is minimal in the following sense. If X
is a Banach space of entire functions in Cn satisfying
(a) ‖Taf‖X = ‖f‖X for all a ∈ Cn and f ∈ X .
(b) X contains all constant functions.
Then F 1α ⊂ X and the inclusion is continuous.
Proof. Since X contains all constant functions, applying Ta to the constant
function 1 shows that for each a ∈ Cn the function ka(z) = eαza−
α
2
|a|2
belongs to X . Furthermore, ‖ka‖X = ‖Ta1‖X = ‖1‖X for all a ∈ Cn.
Let {zj} denote a sequence in Cn on which we have atomic decomposi-
tion for F 1α . If f ∈ F 1α , there exists a sequence {cj} ∈ l1 such that
f =
∞∑
j=1
cjkzj . (5)
Since each kzj belongs to X and
∑
|cj| <∞, we conclude that f ∈ X with
‖f‖X ≤
∞∑
j=1
|cj|‖kzj‖X = C
∞∑
j=1
|cj|,
where C = ‖1‖X > 0. Taking the infimum over all sequences {cj} satisfy-
ing (5) and applying (4), we obtain another constant C > 0 such that
‖f‖X ≤ C‖f‖F 1α, f ∈ F
1
α.
This proves the desired result. 
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4. UNIQUENESS OF F 2α
In this section we show that there is only one Hilbert space of entire func-
tions in Cn that is invariant under the action of the weighted translations.
There have been several similar results in the literature concerning the
uniqueness of certain Hilbert spaces of analytic functions. The first such
result appeared in [2], where it was shown that the Dirichlet space is unique
among Mo¨bius invariant (pre-)Hilbert spaces of analytic functions in the
unit disk. This result was generalized in [10] to the case of the unit ball in
Cn. Then a more systematic study was made in [3] concerning Mo¨bius in-
variant Hilbert spaces of analytic functions in bounded symmetric domains.
In each of these papers, a key idea was to average over a certain subgroup
of the full group of automorphisms of the underlying domain. For example,
in the case of the unit disk, the average was taken over the rotation group.
In the Fock space case, the translation operators do not involve any rota-
tion, and there does not seem to be any natural average that one can use. We
introduce two different approaches here. One uses the group operation in
the Heisenberg group in a critical way and so is specific to the Fock space
setting. The other is based on reproducing kernel techniques and so can be
used in the Bergman space setting as well.
Theorem 6. The Fock space F 2α is unique in the following sense. If H is
any separable Hilbert space of entire functions in Cn satisfying
(a) H contains all constant functions.
(b) ‖Taf‖H = ‖f‖H for all a ∈ Cn and f ∈ H .
(c) f 7→ f(0) is a bounded linear functional on H .
Then H = F 2α and there exists a positive constant c such that 〈f, g〉H =
c〈f, g〉α for all f and g in H .
Proof. For the duration of this proof we use 〈f, g〉 to denote the inner prod-
uct in H . The inner product in F 2α will be denoted by 〈f, g〉α.
By Proposition 5, H contains all the functions
ka(z) = e
αza−α
2
|a|2, z ∈ Cn.
Let Ka(z) = eαaz denote the reproducing kernel of F 2α and define a function
F on Cn by
F (a) = 〈1, Ka〉, a ∈ C
n.
We claim that F is an entire function. To see this, assume n = 1 (the
higher dimensional case is proved in the same way) and observe that for
any fixed a ∈ C we have
Ka(z) = e
αza =
∞∑
k=0
αkak
k!
zk. (6)
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By Proposition 5, we have F 1α ⊂ H and the inclusion is continuous. In
particular, H contains all polynomials and
‖zk‖H ≤ C‖z
k‖F 1α ∼
(√
2
α
)k
Γ
(
k
2
+ 1
)
. (7)
It follows that the series in (6) converges in H for any fixed a. Therefore,
F (a) =
∞∑
k=0
αk
k!
〈1, zk〉 ak.
From this, the estimate in (7), and Stirling’s formula, we see that F is entire.
On the other hand, it follows from condition (b) that Ta is a unitary oper-
ator on H . Since TaT−a = I by direct calculuations, we have T ∗a = T−1a =
T−a on H , just as in the case of F 2α . Furthermore,
e−
α
2
|a|2F (a) = 〈1, ka〉 = 〈1, Ta1〉 = 〈T−a1, 1〉 = 〈k−a, 1〉
= e−
α
2
|a|2〈K−a, 1〉 = e
−α
2
|a|2 〈1, K−a〉
= e−
α
2
|a|2 F (−a).
This shows that F (z) = F (−z) for all z ∈ Cn and hence F must be con-
stant. Let c = 〈1, 1〉 = F (0) > 0. Then F (z) = c for all z ∈ Cn.
Let a and b be any two points in Cn. It follows from the observation
T ∗a = T−a and Lemma 1 that
〈ka, kb〉 = 〈Ta1, Tb1〉 = 〈1, T−aTb1〉 = e
−αiIm (ab)〈1, T−a+b1〉
= eαiIm (ab)e−
α
2
|−a+b|2F (−a + b)
= ce−
α
2
|a|2−α
2
|b|2+αab
= c〈ka, kb〉α.
This along with the atomic decomposition for F 2α gives 〈f, g〉 = c〈f, g〉α for
all f and g in F 2α . This shows that F 2α ⊂ H and the inner products 〈f, g〉α
and 〈f, g〉H only differ by a positive scalar.
We now introduce another approach which will actually give the equality
F 2α = H .
It follows from conditions (b) and (c) that every point evaluation is a
bounded linear functional on H . Furthermore, for every compact set A ⊂
Cn there exists a positive constant C > 0 such that |f(z)| ≤ C‖f‖H for all
f ∈ H and all z ∈ A. This implies that H possesses a reproducing kernel
KH(z, w).
It is well known that for any orthonormal basis {ek} of H we have
KH(z, w) =
∞∑
k=1
ek(z) ek(w)
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for all z and w in Cn. See [5, 8, 11] for basic information about reproducing
Hilbert spaces of analytic functions.
Let {ek} be an orthonormal basis for H . Then for any fixed a ∈ Cn, the
functions
σk(z) = Taek(z) = e
αza−α
2
|a|2ek(z − a)
also form an orthonormal basis for H . Therefore,
KH(z, w) =
∞∑
k=1
σk(z) σk(w)
= ka(z) ka(w)
∞∑
k=1
en(z − a) ek(w − a)
= ka(z) ka(w)KH(z − a, w − a).
Let z = w = a. We obtain
KH(z, z) = e
α|z|2KH(0, 0), z ∈ C
n.
By a well-known result in the function theory of several complex variables,
any reproducing kernel is uniquely determined by its values on the diagonal.
See [5, 7, 8]. Therefore, if we write K(z, w) = eαzw for the reproducing
kernel of F 2α , we must have KH(z, w) = cK(z, w) for all z and w, where
c = KH(0, 0) > 0 as H contains the constant function 1. This shows that,
after an adjustment of the inner product by a positive scalar, the two spaces
H and F 2α have the same reproducing kernel, from which it follows that
H = F 2α . This completes the proof of the theorem. 
The Fock space F 2α is obviously invariant under the action of the full
Heisenberg group. Consequently, F 2α is also the unique Hilbert space of
entire functions in Cn that is invariant under the action of the Heisenberg
group, or more precisely, under the action of the previously mentioned uni-
tary representation of the Heisenberg group.
It is not really necessary for us to assume that H contains all constant
functions in Theorem 6. According to the reproducing kernel approach, to
ensure that KH(0, 0) > 0, all we need to assume is H 6= (0). In fact, if f
is a function in H that is not identically zero, then f(a) 6= 0 for some a.
Combining this with translation invariance, we see that f(0) 6= 0 for some
f ∈ H , so KH(0, 0) > 0.
5. ANOTHER LOOK AT BERGMAN AND HARDY SPACES
The reproducing kernel approach used in the proof of Theorem 6 also
works for several other situations. We illustrate this using Bergman and
Hardy spaces on the unit disk. The generalization to bounded symmetric
domains is obvious.
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In this section we consider the following weighted area measures on the
unit disk D,
dAα(z) = (α+ 1)(1− |z|
2)α dA(z),
where α > −1 and dA is area measure normalized so that the unit disk has
area 1. The Bergman space A2α is the closed subspace of L2(D, dAα) con-
sisting of analytic functions. Thus A2α is a separable Hilbert space with the
inherited inner product 〈f, g〉α from L2(D, dAα). It is clear that every point
evaluation at z ∈ D is a bounded linear functional on A2α. The reproducing
kernel of A2α is given by the function
Kα(z, w) =
1
(1− zw)2+α
.
For any point a ∈ D define an operator Ua by
Uaf(z) = ka(z)f(ϕa(z)), z ∈ D,
where ϕa(z) = (a− z)/(1 − az) is an involutive Mo¨bius map and
ka(z) =
Kα(z, a)√
Kα(a, a)
=
(1− |a|2)(α+2)/2
(1− za)α+2
is the normalized reproducing kernel of A2α at the point a.
Theorem 7. For each a ∈ D the operator Ua is unitary on A2α with U∗a =
U−1a = Ua. Furthermore, if H is any separable Hilbert space of analytic
functions in D satisfying
(i) ‖Uaf‖H = ‖f‖H for all f in H and a ∈ D.
(ii) f 7→ f(0) is a nonzero bounded linear functional on H .
Then H = A2α and there exists a positive constant c such that 〈f, g〉H =
c〈f, g〉α for all f and g in H .
Proof. This result was proved in [3]. We now show that it follows from
the reproducing kernel approach introduced earlier, without appealing to
averaging operations on any subgroup of the Mo¨bius group. In fact, we are
not even assuming that H is invariant under the action of rotations.
First observe that condition (i) together with the identity U2a = I , which
can be checked easily, shows that each Ua is a unitary operator on H . Next
observe that conditions (i) and (ii) imply that for every z ∈ D, the point eval-
uation f 7→ f(z) is a bounded linear functional on H , and if z is restricted
to any compact subset of D, then the norm of these bounded linear func-
tionals is uniformly bounded. Therefore, H possesses a reproducing kernel
KH(z, w). Since f 7→ f(0) is nontrivial, we have c = KH(0, 0) > 0.
Let {ej} be any orthonormal basis for H . Then the functions
σj(z) = Uaej(z) = ka(z)ej(ϕa(z))
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form an orthonormal basis for H as well. Thus
KH(z, w) =
∞∑
j=1
σj(z) σj(w)
= ka(z)ka(w)
∞∑
j=1
ej(ϕa(z)) ej(ϕa(w))
= ka(z)ka(w)KH(ϕa(z), ϕa(w)).
Let z = w = a. Then
KH(z, z) = |kz(z)|
2KH(0, 0) = cKα(z, z), z ∈ D.
Since any reproducing kernel is determined by its values on the diagonal,
we have KH(z, w) = cKα(z, w) for all z and w in D. This shows that
H = A2α and 〈f, g〉H = c〈f, g〉α for all f and g in H . 
Recall that the Hardy space H2 consists of analytic functions in the unit
disk D such that
‖f‖2 =
∞∑
k=0
|ak|
2 <∞, f(z) =
∞∑
k=0
akz
k.
It is well known that every function in H2 has nontangential limits at almost
every point of the unit circle T. Furthermore, when f is identified with its
boundary function, we can think of H2 as a closed subspace of L2(T, dσ),
where
dσ(ζ) =
1
2pi
dθ, ζ = eiθ.
Thus H2 is a Hilbert space with the inner product inherited from L2(T, dσ).
Theorem 8. For any a ∈ D the operator Ua defined by
Uaf(z) =
√
1− |a|2
1− za
f(ϕa(z))
is unitary on H2 with U∗a = U−1a = Ua. Furthermore, if H is any separable
Hilbert space of analytic functions in D satisfying
(i) ‖Uaf‖H = ‖f‖H for all f in H and a ∈ D.
(ii) f 7→ f(0) is a nontrivial bounded linear functional on H .
Then H = H2 and there exists a positive constant c such that 〈f, g〉H =
c〈f, g〉H2 for all f and g in H .
Proof. This is proved in exactly the same way as Theorem 7 was proved.

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Finally we mention that the reproducing kernel approach here does not
seem to work in cases like the Dirichlet space when the following Mo¨bius
invariant semi-inner product is used:
〈f, g〉 =
∫
D
f ′(z)g′(z) dA(z).
In this case, we have 〈1, 1〉 = ‖1‖2 = 0. If we somehow make ‖1‖ > 0,
then the resulting inner product will no longer be Mo¨bius invariant.
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